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LEITER TO THE EDITOR 

An Aharonov-Bohm-like effect for simply connected regions 
arising due to boundary conditions 

S M Roy and Virendra Singh 
Tata Institute of Fundamental Research, Homi Bhabha Road, Bombay 4oooO5, India 

Received 24 October 1988 

Abstract. We demonstrate the non-zero effect of the electromagnetic vector potential on 
charged particles confined to field-free simply connected regions in which no non-zero 
gauge-invariant loop integrals of the vector potential exist. This effect arises in the presence 
of certain boundary conditions. We propose an experimental test of this effect. 

In classical electromagnetism a charged particle is influenced only by the electric and 
magnetic fields at the location of the particle. In quantum mechanics also the Heisen- 
berg equations of motion depend locally on fields. Yet Aharonov and Bohm [ l ]  
claimed that for particles in multiply connected regions in quantum mechanics vector 
potentials or inaccessible fields have an increased significance (AB effect). Wu and 
Yang [2] therefore concluded that field strengths underdescribe electromagnetism and 
non-integrable phase factors exp[ie 0 A dx/( hc) ]  for all closed loops correctly describe 
electromagnetism. 

We demonstrate here for a variety of commonly used boundary conditions that 
electromagnetic vector potentials affect charged particles confined to field-free regions 
even when the region is simply connected so that no non-zero gauge-invariant loop 
integrals of the vector potential exist. This means that for given potential independent 
boundary conditions, two potentials A(’)  and A(’) which yield the same fields 
everywhere in accessible and inaccessible regions may lead to different effects quantum 
mechanically. These boundary conditions bring out a new facet of the idea of gauge 
invariance just as in the AB effect the single-valuedness boundary condition has been 
said to display increased significance of vector potentials or the effect of inaccessible 
fields [ l ,  21. 

However, it was proposed by Bocchieri and Loinger [3] in the time-independent 
AB situation that potential dependent quasiperiodic boundary conditions may com- 
pensate for the effect of inaccessible fields. 

Nevertheless when the inaccessible flux is changed from one constant value at t < t ,  
to another for t > t 2 ,  it has been shown [4] that the boundary conditions initially and 
finally must be the same, i.e. independent of the potential (or inaccessible flux). Hence 
a non-zero AB effect of changing the inaccessible flux results. It is similarly proved 
for simply connected situations here that in the time-dependent case the boundary 
conditions must be independent of the time-varying potential, and hence a non-zero 
effect is predicted. An experimental test of the effect and an interpretation in terms 
of accessible fields similar to that suggested for the AB effect [5] will be proposed. 
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The first example we consider is that of a toroidally confined magnetic flux. This 
is because any finite straight solenoid produces potential which can be expressed in 
terms of fields outside the solenoid only, raising ambiguities in interpretation [ 6 ] .  
Indeed, beautiful experimental evidence concerning the AB effect in the toroidal 
situation has already been obtained [7]. We shall come back later to examples involving 
an infinite straight solenoid. 

Consider a magnetic field configuration symmetric about the z axis directed 
everywhere in the azimuthal (4) direction and non-zero only in the region between 
two coaxial cylinders of radii a, and u 2 ,  each extending from z = -b ,  to z = b,  (figure 
1). In cylindrical coordinates, with 6 the unit vector in the c,b direction, 

i= ~ e ( ~ , - p ) e ( p - ~ , ) e ( b , - ~ ) e ( b , + ~ ) F / [ 2 b , ( ~ 2 - ~ l ) l  ( 1 )  

7 Forbidden region - 

I 

Screen 

Figure 1. Electron interference experiment with extra forbidden region (shaded) to make 
electron paths lie in a simply connected region. The effect of changing flux in the toroidal 
magnet should be investigated experimentally for various angular sizes of the extra forbid- 
den region. 
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where e(x) = 1 for x 3 0, e(x) = 0 for x < 0, and F is the total magnetic flux linked to 
any semi-infinite p-z plane with the z axis as boundary. Examples of vector potentials 
which give this magnetic field are 

A ( ’ )  = ; [ (a2 - p)e(a2 - P)  - (al  - p)e(a ,  - p)Ie(b, - z)o(b, + z1.f (2) 

A ‘ 2 ’ = ~ [ ( ~ - a 2 ) 8 ( ~ - a 2 ) - ( ~ - a l ) ~ ( ~ - a , ) 1 ~ ( b , - z ) ~ ( b l + z ) f  (3)  

f =  F/[2b1(a2-a1)l. (4) 

where 

We shall consider in succession two different physical systems interacting with vector 
potentials gauge equivalent to A(’) and A(2). We always choose A,, = 0. 

(i) Non-relativistic particle of charge e confined to the cylindrical region IzI < b < 
b, , p d a < a , .  In this field-free region consider gauge choices A, = A, = 0, A, indepen- 
dent of p, 4 and obeying the periodicity condition A,(z = b )  = A,(z = -b)  (e.g. A“) = 
;(a2 - a1)J A”) = 0). The time-independent Schrodinger equation has the form ( h  = c = 
1, M =particle mass), 

( p 5) + p’ 1 3 a‘+ + (; - ieAz) ’+ + k’ Jl = 0 
P aP 

where k2=2ME. We first assume periodic boundary conditions in 6 and z (i.e. 
+(z = b )  = +(z = -b) ,  (a,+)(z = b )  = (d,+)(z = -b) and similarly for 4) and Dirichlet 
boundary conditions + = 0 for p = a. Setting 

+ = exp im4 + i m z /  b + ie (6 )  

where m and n are integers, we find that +,,,,, obeys Bessel’s equation whose solution 
regular at the origin p = 0 is 

b 

dz‘ A, - iez I!, dz’ A2/(2b)] +,, (p)  [ 1 : b  

Jlmn = constant x Jm( k’p) 

where 

The condition +,, = 0 for p = a yields 

k’= x,/a Jm ( x r m  1 = 0 

where x, are the zeros of J m ( x ) .  The energy eigenvalues are 

(7) 

which are clearly gauge dependent. For example, the two potentials A‘” and A‘” give 
the same field everywhere (inside and outside the cylinder where the particle is confined) 
but different energy eigenvalues. 

It may be tempting to ascribe this Aharonov-Bohm-like effect in a simply connected 
region to a mathematical multiple connectivity introduced by the periodic boundary 
condition. We shall, however, show that a similar effect exists also for the Neumann 
boundary conditions a+/az = 0 at z = f b, which moreover may be easier to achieve 
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experimentally than the periodic. Keeping boundary conditions in p and c$ the same 
as before we obtain the (non-periodic) energy eigenfunctions 

(I, =constant x exp imc$ +ie  dz'A, J,,,(x,,,,p/a) [ I I b  1 
x [ { ( e A z ( b ) - g ) e x p ( i n r ( z + b ) / ( 2 b ) )  1 1  -{n+-n} 

where m, n are integers and J,,,(xrm) = O .  The energy eigenvalues E = 
[(x,,,,/a)'+ (nx/(26))']/(2M) are independent of the potential. There is, however, an 
effect of the potential since [(I,/ depends on A,(b) and is not proportional to the 
eigenfunction for zero vector potential. 

Now, in the spirit of Bocchieri and Loinger [3], one may attempt to compensate 
for this effect by replacing the boundary conditions we used by potential dependent 
boundary conditions at z = * b. For example, replacing periodic boundary conditions 
by 

{(I,, ( a z ( I , ) } z = b = { ( I , ,  a z ( I , } z = - b  exp( ie [-bb dz'Az(z')) (10) 

and Neumann boundary condition by (a/& - ieA,)(I, = 0 at z = *b, we would obtain 
I(I,I and energy eigenvalues independent of the potential. 

The analogous attempt [3] to remove the AB effect has already received the following 
objection [4] which applies equally well in the present case. In a time-dependent 
situation in which the potential is changed smoothly from zero to some final non-zero 
value staying periodic (single valued) at each time and corresponding finally to zero 
fields in the allowed region, the wavefunction remains periodic (single valued) if it is 
periodic at t = 0 because the Hamiltonian does not destroy periodicity [4]. Adapted 
to our case, this means that if the boundary condition (10) holds initially, it cannot 
hold finally. For example, if A, is independent of z and a function of time, zero at 
t = 0, and (I, is periodic in z at t = 0, then an exact solution of the time-dependent 
Schrodinger equation is given by 

(I, = constant x exp i m4 + i m  - - i d t' E ( t ' )  J,,, (x,,p/ a )  ( b ld ) 
which is periodic in z at all times. Here E ( t ' )  is calculated from the instantaneous 
value of A, using (9). A similar explicit calculation for general boundary conditions 
is difficult for arbitrary time dependence of A,(t); but if A,(r)=Zicie(t i) ,  we see by 
integrating the time-dependent Schrodinger equation in time that (I, is continuous at 
t = ti. Hence (I, obeys the same spatial boundary conditions for t > t i  as for t < t i ,  and 
consequently also for all time. Hence the effect of potentials found here cannot be 
removed by using potential dependent boundary conditions in the time-dependent case. 

(ii) Relativistic Dirac particle of charge e conjined to the region ( z I  s b < b, of the z 
axis ( p  = 0). The problem of a Dirac fermion in a one-dimensional box interacting 
with a scalar solitonic potential was considered earlier with periodic [8] as well as 
with more general boundary conditions [9] to elucidate the phenomenon of fractional 
fermion number [lo]. Here we set the scalar potential to zero and include the vector 
potential A") or A(2) which give zero field on the z axis: 
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where u2 is the usual Pauli matrix. The 2 x 2 wavefunction I) is conveniently expressed 
as 

9 = $ + ( z ) e + +  $ - ( z ) e -  (12) 
where e ,  are eigenfunctions of u2, with eigenvalues *l. 

The Hamiltonian is self-adjoint for a four-parameter family of boundary conditions 

where U is a 2 x 2 unitary matrix characterised by four real parameters a, p, y, A : 

cosh e'' sinh e'' ) ( sinh e-" -cosh e-'' ' 

U = e'o 

The energy eigenvalues are easily seen to be 
E = (2n7r+ a f 5)/(26) 

where n is any integer and where 

cos5 = sinh cos( y - eA,26). 

Evidently the energy eigenvalues depend on A, whenever sinh # 0. Attempts to remove 
the effect face similar problems to those in case (i). 

(iii) Particle confined to the region 0 s  4 s 40< 2~ of a ring p = a, z = 0 outside an 
infinite straight solenoid. The Schrodinger equation with constant potentials A, and 
periodic boundary conditions $ ( 4  =0) = +(+ = +o), (a,+)(O) = (a,+)(&,) gives energy 
eigenfunctions with gauge-dependent eigenvalues 

2 

I,+,,, = constant x e x p ( i m + 2 ~ / 4 ~ )  E ,  =- m - - A , )  

where m is an integer. The Neumann boundary conditions reveal dependence of /$,I 
on the potential. 

With suitable changes in [ 1,111 one could also compute scattering by an infinitely 
long solenoid when charged particles are confined to the region 0 s C$ s q50 < 27r outside 
the solenoid. 

(iv) Gauge-invariant interpretation of the eflect and a proposed experimental test. In 
the time-independent case both the AB effect and the present effect can be compensated 
for by using potential dependent boundary conditions. Nevertheless when inaccessible 
fluxes are changed, in the class of gauges with zero scalar potential, the change in the 
vector potential 

AA = 1,; d t A = - c 1 '* d t E 
( I  

is a gauge-invariant quantity and can cause physical effects because the time-dependent 
Schrodinger equation does not allow the boundary condition to change with the 
potential. Such an interpretation has already been suggested [ 5 ]  for the AB effect and 
applies equally well to the present effect. 

We thus see from the present examples, that ( a )  electromagnetic potentials have 
a significance in quantum mechanics even in systems living in simply connected regions 
for fixed boundary conditions. This does not violate gauge invariance because (6)  con- 
sideration of time evolution allows us to interpret them in terms of the changing electric 
fields in the accessible region during the period of establishing these vector potentials. 
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We propose now an experimental test. In figure 1 we show schematically an electron 
interference experiment with an extra forbidden region (shaded) added such that the 
electron paths lie in a simply connected region. The obstacles introduced may be 
highly reflecting to achieve Neumann boundary conditions. The forbidden region lies 
between two cones with apex at the centre of a toroidal magnet and is outside the 
torus. Apart from this crucial modification, the experimental set-up is that used by 
Tonomura et a1 [7] for their test of the AB effect. With the electron beam switched 
on, the experiment should aim to detect a change in the interference pattern when the 
magnetic flux through a toroidal magnet is changed, and to detect the dependence of 
the effect on the angular size of the forbidden region. A similar modification of the 
Mollenstedt and Bayh experiment [ 121 in which a part of the azimuthal region outside 
a straight solenoid is blocked in order to make the accessible region simply connected 
should also be tried. 

One of us (SMR) thanks Sudhendu Rai Choudhury and Ashoke Sen for very 
fruitful conversations. We also wish to thank the referee for informing us of a recently 
discovered geometrical quantum phase effect due to localised changes in spatial 
boundary conditions which can be tested by a neutron interference experiment [ 131. 
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